In this paper we model the scattering of a time harmonic electromagnetic wave by an elastic body. Assuming that the interaction between electroamgnetic field and the elastic body occurs on the surface of the scatterer we obtain a suitable transmission problem. Equivalent boundary-field equation formulations and a weak variational formulation in the appropriate Sobolev spaces are presented. Uniqueness results are also established.
The Mathematical Model
Let Ω i ∈ R 3 be a bounded, simply connected domain with smooth boundary Γ. We denote by Ω e the exterior domain R 3 \ Ω i andn x the outer normal vector at x ∈ Γ. Assume that Ω i represents a homogeneous isotropic elastic body immersed in the medium Ω e where an electromagnetic field is considered. Furthermore we assume that, due to the physical properties of the elastic body on the surface Γ, the electromagnetic field produces a tangential stress on Γ which initiates elastic deformations of the elastic body and does not considerably penetrate inside the elastic body. We consider that the system "electromagnetic field -elastic body" is closed related to exterior forces, heat sources and any exterior energy transformation. Hence the electromagnetic energy crossing the surface Γ of the elastic body, which is not zero because of the surface coupling, is totally transformed into elastic energy. The problem is to determine the electric and magnetic scattered fields in the exterior medium Ω e and the elastic displacement field in the body Ω i .
In Ω e , the electric field E and magnetic field H satisfy time dependent
Maxwell's equations
where the electric permittivity e , the magnetic permeability µ e and the electric conductivity σ e are given constants. On the other hand, in Ω i the elastic displacement field u satisfies the source free elastodynamic equation
where λ i , µ i are Lamé constants and ρ i > 0 is the density [ 12 ] . In [ 9 ] it is shown that the electric and magnetic energy in a given closed volume Ω with smooth boundary ∂Ω satisfy the relation
The left-hand side of (1) is the rate at which the electric and magnetic energy is decreasing. In particular the second term on the right-hand side gives the rate at which energy is being converted into heat in this volume. Under the considered physical assumptions, any loss of energy which is not accounted for by heat must be occurring by a flow through ∂Ω. Accordingly we conclude that the rate of the flow of electromagnetic energy across the surface Γ of the elastic body is given by Γ E × H ·n ds. Next, the total energy of the elastic body in the absence of the exterior forces is given by
where the symmetric bilinear form
∂vp ∂xq ∂up ∂xq + ∂uq ∂xp corresponds to the strain potential energy. By applying the divergence theorem we obtain that the rate of the flow of the elastic energy across the closed surface Γ oriented to outside of the elastic body is given by
where
) denotes the elastic surface traction operator. Thus, the basic law of energy conservation, applied to the closed system "electromagnetic field-elastic body" determines that the interaction on the boundary Γ must be such that the following relation holds
Since (4) must be true for every subset of the closed surface Γ, we can rewrite the interaction condition point-wise as follows
for x ∈ Γ, and t > 0. (5) Now, let us be restricted to the time harmonic electromagnetic field with frequency ω, namely E(x, t) = e + iσe ω
, where E(x) and H(x) satisfy
and the wave number k is given by k 2 = e + iσe ω µ e ω 2 with the sign of k chosen such that (k) ≥ 0. Consequently, the elastic displacement is also a time-harmonic field with the same frequency ω and after factoring out e −iωt it satisfies
In this case the boundary interaction condition (5) takes the following form
There are infinite many decomposition of the above condition. In particular Voigt's model (see e.g. [ 13 ] ) states that the stress tensor is proportional to the magnetic field. This justifies the following decomposition
Note that, since Tu is assumed to be tangential on the boundary, simple calculations show that Tu · u = i k H × E ·n, whence (9) implies (8).
The classical interaction problem between the electromagnetic field and the elastic body, which we refer to as (CIP), can now be formulated as follows: Given smooth incident electromagnetic field E inc , H inc that is an entire solution to (6) 
and the Silver-Müller radiation condition
uniformly in all directions x/|x|. Here and in the sequel, for a vector valued function u, we use the notation u ∈ X, where X is a function space, to mean that each component of u belongs to this space.
Uniqueness
Let (E, H, u) be a solution of (CIP) corresponding to E inc = H inc = 0. We denote by Ω R := Ω e ∩ x ∈ R 3 ; |x| < R the annual region with ∂Ω R = Γ ∪ S R . We assume that the radius R is sufficiently large so that Ω i is completely contained in S R . Applying the divergence theorem for E,Ē, H, H and using the transmission conditions we obtain
We consider the following cases: 1) k and ω 2 are real. By taking the imaginary part of (14), using Betti's formula we have 
|E ×n|
2 ds = lim
whence from Rellich's lemma H = E ≡ 0 inΩ e . Thus u satisfies
which not necessarily implies that u is zero in Ω i . We denote by L(ω) the set of pathological frequency ω for which (17) has nontrivial solution. It is not our intention to discuss here these eigenfrequencies that, if they exist, depend on the geometry and the physical properties of the elastic body.
2) (k)is strictly positive. In this case, it is shown in [ 2 ] that E and H decay exponentially at infinity and
Obviously, if (kω 2 ) ≤ 0, (18) implies that E ≡ 0 and H ≡ 0 in Ω e , and u ≡ 0 in Ω i . So we have proved the following uniqueness result Theorem 2.1. Assume that either k, ω are real and ω ∈ L(ω) or (k) > 0 and (kω 2 ) ≤ 0. Then (CIP) has at most one solution.
Nonlocal and Variational Formulations
In this section we give equivalent formulations for the problem (CIP) in order to provide a mathematical framework for proving the existence of the solution as well as approximating it by boundary element method or finite element method in bounded domains. It is known, from the fluid-solid interaction, there are two different kind of such approaches
. One, which we call the boundary integral formulation, transforms the field interaction problem in Ω i as well as in Ω e into a system of integral equations on the boundary Γ. The other one, the socalled non-local boundary condition formulation, combines field equations in the bounded domain and appropriate boundary integral equations on Γ. The later leads to a variational formulation in the appropriate Sobolev spaces. Letting L 
Moreover we define the following boundary integral operators
where Φ(x, y) is the fundamental solution of the Helmholtz equation and G(x, y) is the elastic fundamental tensor (mapping properties of these operators can be found in
). Now we are ready to give several equivalent formulations of (CIP). They are obtained by using the StrattonChu formula, Betti's formula and integration by parts. Boundary integral formulation: Given an incident electromagnetic field
div (Γ) and u ∈ H 1/2 (Γ) satisfying
Note thatn × E and Tu on Γ can be determined from the interface transmission conditions. Non-local boundary formulations: Given an incident electromagnetic field
As a consequence of the non-local boundary formulation, we may consider the following. Variational formulation: Given E inc , H inc ∈ H loc (curl, Ω e ), determine (u,n × H) ∈ H 1 (Ω i ) × H 
. We remark that for the existence result, we need a kind of Gårding's inequality for the corresponding bilinear form A(·, ·). We hope to pursuit this in a separated communication.
